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THE MARCH MEETING IN NEW YORK 


The three hundred twelfth regular meeting of the American 
Mathematical Society was held at Columbia University, on 
Friday and Saturday, March 30-31, 1934. The attendance in- 
cluded the following one hundred fifty-five members of the So- 
ciety: 


C. R. Adams, H. S. Adams, R. B. Adams, A. A. Albert, D. B. Ames, R. C. 
Archibald, R. G. Archibald, H. E. Arnold, R. P. Bailey, S. F. Barber, M. F. 
Becker, A. A. Bennett, Garrett Birkhoff, L. M. Blumenthal, Salomon Bochner, 
H. F. Bohnenblust, Samuel Borofsky, J. W. Bower, A. D. Bradley, A. B. 
Brown, L. H. Bunyan, J. H. Bushey, R. H. Cameron, A. D. Campbell, E. T. 
Carroll-Rusk, W. R. Church, J. A. Clarkson, J. M. Clarkson, A. B. Coble, 
George Comenetz, L. P. Copeland, Byron Cosby, E. H. Cutler, J. L. Doob, 
J. L. Dorroh, Jesse Douglas, H. T. Engstrom, H. S. Everett, Fay Farnum, 
J. M. Feld, W. B. Fite, D. A. Flanders, M. M. Flood, A. H. Fox, T. C.Fry, 
A. S. Galbraith, C. A. Garabedian, H. M. Gehman, B. P. Gill, W. O. Gordon, 
M. C. Graustein, W. C. Graustein, C. H. Graves, M. C. Gray, S. L. Greitzer, 
C. C. Grove, Laura Guggenbiihl, Margaret Gurney, N. L. Haight, Morris 
Halperin, Alan Hazeltine, G. A. Hedlund, Robert Henderson, M. R. Hestenes, 
E. H. C. Hildebrandt, Einar Hille, Lulu Hofmann, T. R. Hollcroft, G. M. 
Hopper, Harold Hotelling, W. G. Hubert, J. C. Hughes, Ralph Hull, M. H. 
Ingraham, B. C. Jessen, R. A. Johnson, E. R. van Kampen, Edward Kasner, 
J. R. Kline, P. A. Knedler, K. W. Lamson, Harry Langman, V. V. Latshaw, 
Solomon Lefschetz, D. H. Lehmer, A. M. M. Lehr, D. C. Lewis, W. R. Long- 
ley, E. R. Lorch, L. L. Lowenstein, E. J. McShane, L. A. MacColl, Saunders 
MacLane, H. F, MacNeish, R. S. Martin, A. E. Meder, H. H. Mitchell, Deane 
Montgomery, L. T. Moore, D. S. Nathan, C. A. Nelson, John von Neumann, 
E. P. Northrop, C. O. Oakley, Oystein Ore, T. S. Peterson, R.S. Pieters, Wal- 
ter Prenowitz, W. C. Randels, H. W. Raudenbush, H. W. Reddick, M. S. 
Rees, F. G. Reynolds, R. G. D. Richardson, J. F. Ritt, H. P. Robertson, 
Selby Robinson, S. G. Roth, H. A. Ruger, S. A. Schelkunoff, M. F. Schmeiser, 
I. J. Schoenberg, H. E. Schoonmaker, C. E. Seely, L. P. Siceloff, James Singer, 
L. L. Smail, A. H. Smith, C. E. Smith, P. A. Smith, W. M. Smith, Virgil 
Snyder, A. A. Stafford, E. P. Starke, H. G. Swain, J. D. Tamarkin, C. C. Tor- 
rance, A. W. Tucker, Annita Tuller, J. L. Vanderslice, H. S. Vandiver, R. J. 
Walker, Louis Weisner, A. M. Whelan, H. S. White, G. T. Whyburn, D. V. 
Widder, R. L. Wilder, S. S. Wilks, John Williamson, W. A. Wilson, H. P. 
Wirth, D. W. Woodard, Oscar Zariski, Leo Zippin. 


The meeting opened on Friday morning with two sectional 
sessions, Geometry and Foundations, and Algebra and Number 
Theory. Friday afternoon was devoted to a Symposium on Alge- 
braic Geometry, at which the following addresses were pre- 
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sented: Some new aspects of the theory of plane algebraic curves, 
by Professor Oskar Zariski; Riemann matrices, by Professor A. 
A. Albert; Some recent contributions to rational transformations, 
by Professor Virgil Snyder; Cremona diophantine equations, by 
Professor A. B. Coble. A general session was held on Saturday 
morning. 

There was no meeting of the Council. The Trustees met at 
the Faculty Club on Saturday afternoon. 

Titles and cross references to the abstracts of the papers 
(other than Symposium addresses) read at this meeting follow 
below; papers whose abstract numbers are followed by the let- 
ter t were read by title. The papers numbered 1 to 14 were read 
before the section of Geometry and Foundations, Professors 
Virgil Snyder and H. S. White presiding; those numbered 15 
to 33 before the section of Algebra and Number Theory, Pro- 
fessors W. A. Wilson and Oystein Ore presiding; those num- 
bered 34 to 53 at the general session, President Coble presiding. 
Professor S. Lefschetz presided at the Symposium. Mr. Fialkow 
was introduced by Professor Kasner, Mr. Murray by Professor 
Koopman, and Professor Zygmund by Professor Tamarkin. 


1. Webs of quadric hypersurfaces in r dimensions, by Profes- 
sor T. R. Hollcroft. (Abstract No. 40-3-113.) 

2. An involutorial line transformation determined by a bilinear 
congruence of twisted elliptic quartics, by Professor Virgil Snyder 
and Dr. J. M. Clarkson. (Abstract No. 40-3-114.) 

3. On certain area-preserving maps, by Dr. A. B. Brown and 
Mr. Morris Halperin. (Abstract No. 40-3-115.) 

4. Exceptional curves of the first kind (preliminary report), by 
Dr. S. F. Barber (National Research Fellow) and Dr. Jacob 
Yerushalmy. (Abstract No. 40-3-116.) 


5. The metric characterization of the n-dimensional spherical 
space, by Dr. L. M. Blumenthal (National Research Fellow). 
(Abstract No. 40-3-117.) 

6. One-parameter groups of transformations in abstract vector 
spaces, by Dr. D. S. Nathan (National Research Fellow). (Ab- 
stract No. 40-3-118.) 


7. Families of ~* conics which are curvature trajectories, by 
Mr. George Comenetz. (Abstract No. 40-3-119.) 
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8. General theorems on trajectories and lines of force, by Mr. 
Aaron Fialkow. (Abstract No. 40-3-105.) 

9. Mixed groups connected with polygons, by Professor Edward 
Kasner. (Abstract No. 40-3-120.) 

10. Generalized closed manifolds in n-space, by Professor R. 
L. Wilder. (Abstract No. 40-3-121.) 

11. Independent postulates related to C. I. Lewis's theory of 
strict implication, by Professor E. V. Huntington. (Abstract No. 
40-3-106-2.) 

12. A systematic theory of mathematical symbolism, by Mr. 
Saunders MacLane. (Abstract No. 40-3-122-t.) 

13. A metrical property of point set transformations, by Dr. 
Deane Montgomery (National Research Fellow). (Abstract No. 
40-3-123-2.) 

14. Non-alternating transformations, by Dr. G. T. Whyburn. 
(Abstract No. 40-3-124-2.) 

15. Criteria for the irreducibility of polynomials, by Professor 
Louis Weisner. (Abstract No. 40-3-107.) 

16. Remarks on polynomials taking prime values, by Professor 
Oystein Ore. (Abstract No. 40-3-149.) 

17. The covariants of two quadratic forms in n variables, by 
Dr. John Williamson. (Abstract No. 40-3-125.) 

18. New types of irreducibility criteria, by Mrs. Grace M. 
Hopper and Professor Oystein Ore. (Abstract No. 40-3-126.) 

19. On the representation of finite dual groups, by Mr. Saunders 
MacLane. (Abstract No. 40-3-127.) 

20. A canonical generation of rational cyclic algebras of odd 
prime degree, by Dr. Ralph Hull (National Research Fellow). 
(Abstract No. 40-3-128.) 

21. An extended theory of Bernoulli and Euler numbers, by 
Dr. D. H. Lehmer. (Abstract No. 40-3-129.) 

22. Pseudo-transitivity in finite and infinite groups, by Dr. 
Selby Robinson. (Abstract No. 40-3-130.) 

23. Combinatorial relations in finite projective geometries, by 
Mr. Garrett Birkhoff. (Abstract No. 40-3-104.) 

24. A solution of the principal problem in the theory of Riemann 
matrices, by Professor A. A. Albert. (Abstract No. 40-3-131-t.) 

25. A matrix proof of the Poincaré theorem on impure Riemann 
matrices, by Professor A. A. Albert. (Abstract No. 40-3-132-t.) 
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26. Cyclic fields of degree p” over F of characteristic p, by Pro- 
fessor A. A. Albert. (Abstract No. 40-3-133-t.) 

27. Integral solutions of P*+4Q* = R*+4S*, by Professor P. A. 
Caris. (Abstract No. 40-3-134-t.) 

28. Concerning the direct product of algebras, by Dr. J. L. Dor- 
roh. (Abstract No. 40-3-135-t.) 

29. On the lattice theory of ideals, by Mr. Garrett Birkhoff. 
(Abstract No. 40-3-136-t.) 

30. On Euler squares, by Professor Edward Fleisher. (Ab- 
stract No. 40-3-137-2.) 

31. On the expansion coefficients of the functions u/sn u and 
u?/sn? u, by Dr. R. D. James (National Research Fellow). (Ab- 
stract No. 40-3-138-t.) 

32. Transposition of indices in multiple-labeled determinants, 
by Mr. Rufus Oldenburger. (Abstract No. 40-3-139-t.) 

33. Factorization of hyperspace matrices into non-singular 
matrices, by Mr. Rufus Oldenburger. (Abstract No. 40-3-140-2.) 

34. Sufficient conditions for the problem of Bolza in the calculus 
of variations. I1, by Dr. M. R. Hestenes (National Research 
Fellow). (Abstract No. 40-3-141.) 

35. Linear transformations between distinct Hilbert spaces, by 
Mr. F. J. Murray. (Abstract No. 40-3-142.) 

36. Summability of the derived conjugate Fourier series (pre- 
liminary report), by Dr. A. H. Smith. (Abstract No. 40-3-143.) 

37. Properties of functions of two variables, by Dr. Deane 
Montgomery (National Research Fellow). (Abstract No. 40-3- 
144.) 

38. Hypertranscendental extensions of partial differential fields, 
by Dr. H. W. Raudenbush. (Abstract No. 40-3-145.) 

39. Probability distributions and statistics, by Dr. J. L. Doob 
(National Research Fellow). (Abstract No. 40-3-146.) 

40. On the order of a system of algebraic differential equations, 
by Professor J. F. Ritt. (Abstract No. 40-3-147.) 

41. On asymptotic distributions of arithmetical functions, by 
Dr. I. J. Schoenberg. (Abstract No. 40-3-148.) 

42. A metrically transitive system, by Dr. G. A. Hedlund (Na- 
tional Research Fellow). (Abstract No. 40-3-150-2.) 

43. Note on the form of a first-order partial differential equation, 
by Dr. A. B. Brown. (Abstract No. 40-3-151-t.) 
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44. On approximation to an analytic function by polynomials, 
by Professor O. J. Farrell. (Abstract No. 40-3-152-t.) 

45. On the determinateness of the multi-dimensional momentum 
problem, by Dr. E. K. Haviland. (Abstract No. 40-3-153-t.) 

46. Partial differential operators as linear transformations be- 
tween Hilbert spaces, by Mr. F. J. Murray. (Abstract No. 40-3- 
154-2.) 

47. Almost periodic functions in a group, by Professor John 
von Neumann. (Abstract No. 40-3-155-t.) 

48. Algebraic difference equations, by Professor J. F. Ritt. 
(Abstract No. 40-3-156-t.) 

49. A hypergeometric parametric function defining the range of 
de la Vallée-Poussin summation, by Professors George Rutledge 
and R. D. Douglass. (Abstract No. 40-3-157-t.) 

50. Some points in the theory of trigonometric and power series, 
by Professor Antoni Zygmund. (Abstract No. 40-3-108-t.) 

51. On the convergence and overconvergence of sequences of poly- 
nomials of best approximation, by Professor J. L. Walsh. (Ab- 
stract No. 40-5-191-2.) 

52. On interpolation by polynomials, by Professor J. L. Walsh. 
(Abstract No. 40-5-192-2.) 

53. Concerning locally peripherally separable spaces, by Mr. 
F. B. Jones. (Abstract No. 40-5-193-t.) 

J. R. Kine, 
Associate Secretary 
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THE APRIL MEETING IN CHICAGO 


The three hundred thirteenth regular meeting of the Society 
was held at the University of Chicago on Friday and Saturday, 
April 6-7, 1934. About one hundred fifty persons attended the 
meetings, among whom were the following one hundred eight 
members of the Society: 


E. S. Akeley, F. L. Axen, R. P. Baker, F. R. Bamforth, R. W. Barnard. 
Walter Bartky, Leon Battig, H. R. Beveridge, S. F. Bibb, Solomon Bilinsky, 
G. A. Bliss, F. W. Boyce, H. R. Brahana, L. E. Bush, J. F. Butler, R. D. 
Carmichael, E. W. Chittenden, A. B. Coble, Max Coral, D. R. Curtiss, L. E. 
Dickson, E. B. Escott, H. P. Evans, H. S. Everett, K. W. Folley, H. L. Gara- 
bedian, B. C. Getchell, G. D. Gore, Cornelius Gouwens, W. C. Graustein, 
L.M. Graves, L.W.Griffiths, V.G.Grove, W.L.Hart, W.W.Hart,M.L. Hartung, 
O.C. Hazlett, G.A. Herr, E.H.C. Hildebrandt, T.H. Hildebrandt, T.F. Holgate, 
M. H. Ingraham, Dunham Jackson, Evan Johnson, Jr., M. M. Johnson, H.S. 
Kaltenborn, W.C. Krathwohl, A. W. Landers, Jr., Mrs. A. W. Landers, G. B. 
Lang, R.E. Langer, Lincoln LaPaz, M.I. Logsdon, A.C. Lunn, C.C. MacDuffee, 
W. D. MacMillan, Wilhelm Maier, H. W. March, Morris Marden, William 
Markowitz, J. R. Mayor, C. W. Mendel, H. J. Miles, C. N. Moore, T. W. 
Moore, D. C. Morrow, E. J. Moulton, F. R. Moulton, F. H. Murray, A. L. 
Nelson, Rufus Oldenburger, E. D. Pepper, L. C. Plant, J. E. Powell, Tibor 
Radé6, R. B. Rasmusen, W. T. Reid, W. H. Roever, A. E. Ross, W. E. Roth, 
R. G. Sanger, Nathan Schwid, E. A. Shonka, H. A. Simmons, W. G. Simon, 
E. B. Skinner, H. E. Slaught, Burke Smith, F. C. Smith, E. S. Sokolnikoff, 
I. S. Sokolnikoff, G. G. Speeker, R. C. Stephens, A. H. Tappan, V. B. Teach, 
H. P. Thielman, E. W. Titt, W. J. Trjitzinsky, P. L. Trump, H. L. Turrittin, 
E. B. Van Vleck, J. I. Vass, H. S. Wall, L. E. Ward, K. W. Wegner, F. B. 
Wiley, Roscoe Woods, Kathryn Wyant. 


The meeting opened on Friday morning with two sectional 
sessions, Algebra and Analysis. Friday afternoon was devoted 
to an address by Professor R. E. Langer on The asymptotic solu- 
tions of ordinary linear differential equations of the second order, 
with special reference to the Stokes’ phenomenon. A business meet- 
ing and general session was held on Saturday morning. 

Friday evening a dinner was held at Judson Court. One hun- 
dred four persons attended the dinner. Although this was not 
previously announced, the dinner was in honor of Dean T. C. 
Holgate and Professor H. E. Slaught. President Coble was 
toastmaster. He called upon Professor Skinner who talked of 
the long and valuable service of Dean Holgate to mathematics, 
especially stressing his pioneer service in the founding of the Chi- 
cago section of the American Mathematical Society and acting 
as its first secretary. Dr. F. R. Moulton then spoke concerning 
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the work of Professor Slaught as a teacher, as a leader in the 
Chicago section of the American Mathematical Society, and as 
the guiding spirit of the Mathematical Association of America. 
Short tributes to both of these men were added by Professors 
Curtiss, Dickson, Bliss, and Graustein. Dean Holgate and Pro- 
fessor Slaught then responded to what had been said. 

Two meetings of the Council were held on Friday afternoon 
and evening. 

The election of the following persons to membership in the 
Society was announced by Associate Secretary M.H.Ingraham: 
Professor Edward Stowe Akeley, Purdue University; 

Mr. Donald Henry Ballou, Harvard University; 

Dr. Sherburne F. Barber, Johns Hopkins University; 

Mr. Solomon Bilinsky, St. Louis, Mo.; 

Professor Salomon Bochner, Princeton University; 

Professor Richard Brauer, University of Kentucky; 

Professor Wilmer H. Gaver, Newberry College; 

Dr. Roberta Frances Johnson, Wilson College; 

Mr. Stephen Cole Kleene, Hartford, Conn.; 

Miss Caroline Avery Lester, New York State College for Teachers; 

Mr. Arthur Norton Milgram, University of Pennsylvania; 

Mr. Zehman Irving Mosesson, Harvard University; 

Dr. D.S. Nathan, Harvard University; 

Miss Elizabeth Cutting Pousland, Winsor School, Boston, Mass.; 

Mr. Sidney Goldwater Roth, Washington Square College, New York Uni- 
versity; 

Professor Paul Martin Singer, New Mexico State Teachers College; 

Mr. Herbert Edward Vaughan, University of Michigan. 

It was also announced that the following person has entered 
the Society under a reciprocity agreement: 

Professor Bertram Martin Wilson, University of St. Andrews, at University 
College, Dundee. 


At the meeting of the Council the following dates of meetings 
were set: November 30—December 1, 1934, University of Ne- 
braska; February 23, 1935, New York City; April 19-20, 1935, 
New York City; April 19-20, 1935, Chicago. 

President Coble announced the committee for the Williams 
meeting as follows: Professors J. G. Hardy (chairman), J. R. 
Kline, H. L. Agard, T. C. Esty, and E. I. Shepard. 

On Saturday morning there was a business meeting of the So- 
ciety. At this meeting on recommendation of the Council the 
by-laws were changed so as to establish an institutional con- 
tributing membership with minimum dues of $25 per annum, 
the institution having the right to receive the Bulletin or to 
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nominate one regular member for each twenty-five dollars con- 
tributed. There was also established an individual contributing 
membership with the same rights and privileges as ordinary 
membership but with minimum dues of $15 per annum. At this 
meeting Professor Graustein, chairman of the Committee on 
Financial Policy, outlined the plans for stabilizing the finances 
of the Society which had been worked out by the Committee on 
Financial Policy and authorized by the Trustees, Council, and 
Society. Details of these plans will be sent to the members in a 
circular letter from President Coble. 

Professors C. C. MacDuffee and M. I. Logsdon presided at 
the Friday morning sessions, and President A. B. Coble pre- 
sided on Friday afternoon and Saturday morning. 

Titles and cross references to the papers (other than invited 
addresses) read at this meeting follow below; papers whose ab- 
stract numbers are followed by the letter ¢ were read by title. 
Mr. Suckau was introduced by Professor Tibor Radé, Mr. 
Smith by Professor W. B. Ford, Mr. Webber and Mr. Huston 
by Professor L. E. Dickson, Mr. Sagen by Professor A. A. 
Albert, and Mr. Hildner by Professor Lincoln LaPez. 


1. An analogue in Hilbert space of a theorem of Arzela for func- 
tion space, by Dr. H. P. Thielman. (Abstract No. 40-3-185.) 

2. An extension of Riesz’s theorem on linear functional opera- 
tions, by Mr. H. S. Kaltenborn. (Abstract No. 40-3-186.) 

3. Integration of interval functions, by Mr. B. C. Getchell. 
(Abstract No. 40-3-181.) 

4. Variation of product integrals, by Professor G. Y. Rainich 
and Mr. H. E. Vaughan, Jr. (Abstract No. 40-3-187-2.) 

5. Concerning cubic theta functions, by Professor Wilhelm 
Maier. (Abstract No. 40-3-175.) 

6. The solutions of the Mathieu equation with a complex varia- 
ble and at least one parameter large, by Professor R. E. Langer. 
(Abstract No. 40-3-177.) 

7. A class of boundary problems of highly irregular type, by Dr. 
J. I. Vass. (Abstract No. 40-3-161.) 

8. The asymptotic forms of the Hermite and Weber functions, 
by Mr. Nathan Schwid. (Abstract No. 40-3-178.) 

9. On the asymptotic developments of analytic functions, by 
Mr. F. C. Smith. (Abstract No. 40-3-160.) 

10. On uniform convergence (preliminary report), by Mr. J. W. 
T. Suckau. (Abstract Ne. 40-3-182.) 
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11. Classes of maximum numbers associated with certain sym- 
metric equations in n reciprocals, by Miss Norma Stelford and 
Professor H. A. Simmons. (Abstract No. 40-3-158.) 

12. On Zehfuss matrices and applications, by Professor W. E. 
Roth. (Abstract No. 40-1-102.) 

13. Non-singular multilinear forms, by Mr. Rufus Olden- 
burger. (Abstract No. 40-3-165.) 

14. A substitute for the Euclid algorithm in algebraic fields, by 
Professor C. C. MacDuffee and Mr. E. D. Jenkins. (Abstract 
No. 40-3-162.) 

15. Waring’s problem for cubic functions, by Mr. G. C. Web- 
ber. (Abstract No. 40-3-171.) 

16. Generalized asymptotic Waring theorems, by Mr. R. E. 
Huston. (Abstract No. 40-3-180.) 

17. The integers represented by positive sets of ternary quad- 
ratic non-classic forms, by Mr. O. K. Sagen. (Abstract No. 40-3- 
173.) 

18. Groups of transformations of continued fractions, by Pro- 
fessor H. S. Wall. (Abstract No. 40-3-179.) 

19. Metabelian groups of order p"*™ with commutator subgroups 
of order p”, by Professor H. R. Brahana. (Abstract No. 40-3- 
183.) 

20. The moving trihedron, by Professor E. P. Lane. (Abstract 
No. 40-3-109-#.) 

21. On generalized inscribed sequences of surfaces, by Dr. G. 
D. Gore. (Abstract No. 40-1-101.) 

22. The summation of series of orthogonal polynomials, by 
Professor Dunham Jackson. (Abstract No. 40-3-172.) 

23. On the relationship between the Abel-Poisson method and 
that of Ceséro for the summation of multiple series, by Professor 
C. N. Moore. (Abstract No. 40-3-189.) 

24. A general expansion theorem with applications to certain 
linear integral equations of infinite order, by Professor R. D. 
Carmichael. (Abstract No. 40-3-111.) 

25. New universal Waring theorems, by Professor L. E. Dick- 
son. (Abstract No. 40-3-168.) 

26. Equivalence of pairs of Hermitian matrices, by Mr. K. W. 
Wegner. (Abstract No. 40-1-103.) 

27. On bounded linear functional operations, by Professor T. 
H. Hildebrandt. (Abstract No. 40-3-188.) 

28. On a converse of the Kneser transversality theorem, by Pro- 
fessors Tibor Radé and Lincoln LaPaz. (Abstract No. 40-3-112.) 
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29. On a type of action integral in physics and a certain trans- 
formation, by Dr. E. S. Akeley. (Abstract No. 40-3-176.) 

30. A reduction formula for the moments of a binomial dis- 
tribution about the origin, by Professor A. R. Crathorne. (Ab- 
stract No. 40-3-174-t.) 

31. An inverse problem associated with the Hamilton-Cara- 
théodory function, by Dr. R. C. Hildner. (Abstract No. 40-5- 
194-7.) 

_ 32. Note on the use of fractional integration for obtaining ex- 
pansions in squares of Bessel functions, by Dr. H. P. Thielman. 
(Abstract No. 40-3-184-t.) 

33. Irreducible quartic congruences, by Professor H. R. Bra- 
hana. (Abstract No. 40-3-110-2.) 

34. The Kellogg solution of a cyclo-symmetric equation; ques- 
tions concerning extreme numbers relative to this solution, by Pro- 
fessor H. A. Simmons. (Abstract No. 40-3-159-.) 

35. Canonical triples of bilinear forms, by Mr. Rufus Olden- 
burger. (Abstract No. 40-3-163-t.) 

36. Factorization of hyperspace matrices into a product of two- 
way matrices one of which is singular, by Mr. Rufus Oldenburger. 
(Abstract No. 40-3-164-z.) 

37. Solution of a class of simultaneous matrix and integral 
equations, by Mr. Rufus Oldenburger. (Abstract No. 40-3-166-2.) 

38. Space ranks of the multiple composite of hyperspace ma- 
trices, by Mr. Rufus Oldenburger. (Abstract No. 40-3-167-t.) 

39. The representation of integers as sums of values of cubic 
polynomials, by Dr. R. D. James (National Research Fellow). 
(Abstract No. 40-3-170-t.) 

40. A characteristic property of surfaces of negative curvature, 
by Dr. E. F. Beckenbach. (Abstract No. 40-3-169-t.) 

41. The deflection of a rectangular strip of plywood under a load 
concentrated along a line through the center, by Professor H. W. 
March. (Abstract No. 40-5-195.) 

42. Ona certain correspondence between surfaces in hyperspace, 
by Professor V. G. Grove. (Abstract No. 40-5-196.) 

43. Non-Riemannian manifolds in Riemannian space, by Pro- 
fessor Harry Levy. (Abstract No. 40-5-197-t.) 

44. On convex functions, by Professor Tibor Rad6. (Abstract 
No. 40-5-198-t.) 


M. H. INGRAHAM, 
Associate Secretary 
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THE WORK OF POINCARE ON DIFFERENTIAL EQUATIONS 


Ocuvres de Henri Poincaré publiées sous les auspices de |’ Académie des Sciences 
par Paul Appell. Tome I publié avec la collaboration de Jules Drach. 
Paris, Gauthier-Villars, 1928. cxxix+382 pp. 

This is the second volume of the Collected Works of Henri Poincaré to 
appear, the first being volume II, which was published in 1916.* The earlier 
volume contained his contributions in the general field of automorphic func- 
tions, while the new one contains those concerned primarily with ordinary and 
partial differential equations, and linear difference equations. The order of the 
material of the Collected Works is to be that contained in Poincaré’s own 
Analyse of his papers, and it is decidedly helpful to the reader to find the 
relevant part of the Analyse concerning the material of these first two volumes 
at the beginning of volume I. A similar plan is to be followed with subsequent 
volumes. 

The starting point of Poincaré’s extraordinary mathematical activities is 
to be found in his Note sur les propriétés des fonctions définies par les équations 
différentielles, published in 1878 in the Journal de |’Ecole Polytechnique. The 
usual existence theorems for an ordinary differential system of the first order 
such as 


dx dx», dt 

failed to apply in the neighborhood of the singular points (m,---, xn) at 


which the functions X; vanish simultaneously. Briot and Bouquet had ex- 
amined such singular points in special cases by direct processes; from their 
work it appeared that integrals of the form ye‘ =const. played an important 
role; here y is an ordinary convergent power series in x1, - - - , Xn without con- 
stant terms, provided that the singular point in question is taken at the origin 
of coordinates. But such a function satisfies the associated linear partial dif- 
ferential equation 

Ox, OXn 
Poincaré undertook to make this linear partial differential equation the basis 
of a theory of the solutions of the system (1) near such a singular point. 

The outcome is elaborated in his Thése of 1879, Sur les propriétés des fonc- 
tions définies par les équations aux différences partielles, which almost immedi- 
ately became classic. A characteristic result is the following: If by a suitable 
linear transformation of the variables x1, - - - , x, we can reduce the functions 
X; to the form terms of higher degree in +--+, with for 
ij (general case), and if there is a line of the complex A-plane such that the 
points ); fall on one side of it, while the origin \=0 falls on the other, then the 
formal series are convergent, and the general integral of (1) near the singular 
point is furnished by the m equations Yi=cei*, (G=1,---, n). 


* TI reviewed the earlier volume also; see The work of Poincaré on auto- 
mor phic functions, this Bulletin, vol. 26, pp. 161-172. 
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In case not all of these restrictions are fulfilled, only partial results were 
obtained. Indeed in the particular case when all the ),;’s are equal the methods 
of Poincaré fail completely. However, Poincaré characteristically succeeded in 
exploring various illuminating typical cases. A systematic treatment is lacking 
even today, although much further progress has been made. 

With the local study of the solutions of (1) thus so successfully initiated, 
Poincaré naturally turned to apply his results to the study of the real solutions 
in the large, in particular in the simplest case n =2 when (1) may be written 


(3) (x, X, real). 


The first three parts of his great memoir Sur les courbes définies par les équa- 
tions différentielles, published in four parts in Liouville’s Journal (1881-1886), 
deal with such an equation in a masterly manner. The fourth part of this 
memoir deals with the analogous problem for m =3. We may refer to an analy- 
sis of this work given by Hadamard in his Rice Institute Lectures in 1925 just 
published,* where the reader will also find reference to the subsequent de- 
velopments in this field. Fundamental in Poincaré’s treatment of the case 
n =2 is the geometric representation of (x, y) as a point of the plane or on a sur- 
face, while the equation (3) determines the direction of the corresponding 
integral curve. This direction becomes indeterminate at the singular points 
X;=0, (¢=1, - - - , 2), referred to above. 

The first three parts of this memoir of Poincaré may be regarded as funda- 
mental for the theory of the simplest type of real systems of differential equa- 
tions, namely for a single equation of the first order. Indeed they are likeiy to 
stand always as the most important works in this field. Lagrange, Jacobi, and 
other mathematicians had fastened attention upon the integrable cases, or at 
any rate had been content to reduce the order as far as possible by means of 
known integrals. In the field of celestial mechanics, Laplace and succeeding 
theoretical astronomers had been content to use formal series as a means of 
systematic computation. But Poincaré was the first to attack the general ques- 
tions of non-integrable systems of differential equations from a purely mathe- 
matical point of view. His principal effort in this direction for  =2 is contained 
in the memoir just cited. Most of his later work in celestial mechanics may be 
regarded as concerned with special important cases where n>2, in particular 
with the restricted problem of three bodies for which n reduces to 3. 

Even in the case n=2, interesting problems of analysis situs presented 
themselves to Poincaré. One of these of much importance was the following: t 
Suppose that there be given a one-to-one direct continuous transformation of the 
circumference of a circle into itself, namely 6:=f(6), where @ is the angular 
coordinate of a point P, and 4; is the coordinate of the transformed point P. 
Poincaré proved that there always exists a unique number o such that the nth 
iterate P, of P by T hasa coordinate 6, intermediate in value between 


no—2x and no+2z, (n = 1, 2, 3,---). 


* The later scientific work of Henri Poincaré, Rice Institute Pamphlets, 
vol. 20 (1933). 
t See Chapter 15 of the third part of his memoir. 
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In other words, the constant « measures the mean rotation of the point P 
under indefinite iteration of T. For this reason o may be called the “coefficient 
of rotation” of T. Poincaré also proved that if ¢/(27) is rational there exist peri- 
odic points P such that P, =P; in this case the structure of T may be regarded 
an entirely known. Furthermore, if ¢/(27) is irrational, and if every point of the 
circumference is taken into the vicinity of every other point by successive iteration, 
he showed that the transformation T is topologically equivalent to a pure rota- 
tion: ¢:=¢+<c. But Poincaré was not able to prove that the italicized hypothesis 
above is always satisfied even in the case when f(@) is analytic, although if f(@) 
is restricted to be merely continuous he was able to prove that the hypothesis 
need not be satisfied. This highly difficult and interesting open question was 
brilliantly solved by Denjoy in 1932,* who proved that if f(0) is continuous and 
of limited total variation, the hypothesis is automatically fulfilled. 

It was Poincaré’s attempt to deal with the case » >3 which led him to his 
later work on analysis situs, for he himself says in his Analyse: “In order to go 
further it was necessary for me to create a geometric instrument which was 
lacking when I wished to penetrate into space of more than three dimensions. 
This was the principal reason which decided me to undertake the study of 
analysis situs.” Furthermore, in connection with the above specified problem 
solved by Denjoy, Poincaré remarks, in effect, that the analogy between some 
of his results and known facts in celestial mechanics would cause him without 
doubt to return to the problem later. Thus his studies in this memoir led him 
directly to his subsequent fundamental work in the fields of analysis situs and 
celestial mechanics. 

Poincaré began his study of non-linear ordinary differential equations in 
the cases n=2, 3 referred to above, and his study of ordinary linear differ- 
ential and difference equations of order almost simultaneously. In fact al- 
though his first paper on linear difference and differential equations appeared 
in the American Journal of Mathematics in 1883, most of the results had been 
contained in his unsuccessful Prize Essay of 1880, as he himself states. The 
work of Fuchs and others on ordinary linear differential equations had been 
limited mainly to the case of regular singular points—a highly special case— 
while Poincaré dealt with irregular singular points as well. In this connection 
it is necessary to refer to a very illuminating earlier paper by the physicist 
G. G. Stokes published in 1857, entitled On the discontinuity of arbitrary con- 
stants which appear in divergent developments.{ Here Stokes examined in detail 
the behavior of the solutions of Bessel’s equation in the whole complex plane; 
this equation has an irregular singular point at infinity. Poincaré does not seem 
to have known of this highly suggestive paper since he nowhere refers to it. 

The main advance of Poincaré in this domain was to show that, under cer- 
tain conditions, the known formal series solutions of Thomé and Fabry repre- 
sented actual solutions of the linear differential equation in suitable sectors of 
the complex plane in the same asymptotic sense in which Stirling’s formula 
was known to represent the function ['(m). An analogous result was found by 


* Sur les caractéristiques a la surface du tore, Comptes Rendus, vol. 194 
(1932). 
¢ Transactions of the Cambridge Philosophical Society, vol. 10. 
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him for linear difference equations. The papers by Poincaré in these fields went 
a long way toward providing a general theory of such linear equations. How- 
ever, it is only very recently that a general theory of such equations has been 
developed.* 

The last paper of the volume under review contains the second part of the 
unsuccessful Prize Essay referred to above, and was only published posthum- 
ously in the Acta Mathematica in 1923. Here we find a preliminary treatment 
of the problem as to when an ordinary linear differential equation of the 
second order with polynomial coefficients and only regular singular points is 
such that if we write y:(x)/¥2(x) =z when 9; and y2 are two linearly independent 
solutions, then x is a meromorphic function of z. This problem had been pro- 
posed and incompletely solved by Fuchs in 1880, and Poincaré’s essay is 
mainly a critique of Fuchs’s work. In this article is to be found the genesis of 
Poincaré’s work in the theory of automorphic functions, which is contained in 
volume II of his Collected Works. 

The reader of volume I will also be very grateful for the careful and highly 
competent revision which Professor Drach has provided. 

G. D. BIRKHOFF 


EISENHART ON CONTINUOUS GROUPS 


Continuous Groups of Transformations. By L. P. Eisenhart. Princeton, Princeton 
University Press, and London, Oxford University Press, 1933. 104299 pp. 


This work is an up-to-date textbook on Lie’s theory of continuous groups 
and on the recent developments of this theory. It is, in contrast to some intro- 
ductions to the subject, not a book written for a beginner who knows only 
calculus. It will, however, be enjoyed by every student who knows some exis- 
tence theorems on differential equations and is familiar with the elements of 
the tensor symbolism. He will not be bored through a considerable part of the 
book by the almost traditional detailed treatment of more or less trivial ex- 
amples before reaching the first general theorem of Lie. In fact, in the present 
book many illustrations of the general theory are formulated only as exercises, 
so that Lie’s three Fundamental Theorems can be developed fully in the very 
first chapter. Due to a similar attitude through the whole work, the present 
book, though of moderate extent, leads essentially farther and deeper than 
its predecessors, without, however, requiring too much from the reader. 

The book starts out with some elementary facts regarding total and Ja- 
cobian differential systems and their generalizations. The necessary existence 
and uniqueness theorems of local character are used only under the restriction 
of analyticity. These preparatory paragraphs are followed by an explanation 
of the notion of a continuous transformation group and by a rather concise 


* See a joint paper by myself and Trjitzinsky, Analytic theory of linear dif- 
ference equations, Acta Mathematica, vol. 60 (1932), and a paper by Trjitzinsky 
entitled Analytic theory of linear differential equations, in vol. 62 of the same 
journal. 
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treatment of Lie’s three Fundamental Theorems. Use is made of the improve- 
ments and simplifications due to Maurer, F. Schur, and the author himself. 
The notion of the infinitesimal transformation is introduced, as indicated by 
the general theory, when applied to a one-parametric group and is then adapted 
to an r-parametric group by imbedding a one-parametric group into the latter. 
The parameters belonging to a so-called canonical representation of a group 
are directly defined as normal (“geodesic”) coordinates determined by the 
symmetrical components of the linear connection of a non-Riemannian geom- 
etry associated with every given transformation group. The main properties 
of the abelian transformation groups are deduced from the general theory. 

After the development of the three Fundamental Theorems, several proper- 
ties of a transformation group containing a finite number of parameters are 
analyzed. It is pointed out that in the case of more than one parameter every 
one-parametric sub-group is contained in a two-parametric one. Criteria are 
then given for functions which are invariants of a given group, and for the 
invariant varieties of the latter, especially for minimum invariant varieties, 
finally for sub-groups characterized by the invariance of a given variety. These 
considerations lead to the notion of transitivity, fundamental in the equiva- 
lence problem, and yield, in terms of the rank of an associated matrix, a test 
for the intransitivity of a group. A finer analysis of a given group is made 
possible by the notion of a system of imprimitivity. 

A slight modification of the main theorem on systems of imprimitivity pro- 
vides the bridge to the theory of ordinary differential equations in Lie’s formu- 
lation or to the associated partial differential equations, which thus appear as 
illustrations of the general group theory. These topics, together with some 
fundamental facts on differential invariants, are extensively presented in such 
a way that the reader need not know their standard treatment. 

A special chapter deals with the isomorphisms of continuous transformation 
groups and with related topics, as invariant sub-groups and factor groups and 
also series of composition, with application to integrable groups. Here it is 
advisable, although not absolutely necessary, that the reader be in control of 
the corresponding algebraic facts regarding finite groups. 

Particular attention is devoted to the so-called structure problem of con- 
tinuous groups. For the reader’s convenience, the necessary algebraic tools 
regarding linear substitutions are not presupposed but proved and formulated 
in the form necessary for the application to the adjoint group of a given con- 
tinuous transformation group. There follows an elegant presentation of the 
classical results of Lie and Killing regarding the adjoint group, which for the 
first time allows a deeper insight into the problem of invariant sub-groups and 
of simple groups on the one hand, and into the problem of integrability of a 
group on the other hand. The latter problem is treated with the improvements 
due to the thesis of E. Cartan. This chapter, leading to the investigations of 
Weyl, ends with a short introduction into the problems solved by the theory 
of semi-simple groups and with a survey of the problem of their classification. 
The theory of representations of “closed” continuous groups by means of linear 
substitutions, as recently developed by I. Schur, Weyl, and Peter, uses tools 
essentially distinct from those of Lie and his followers. Thus, and also since 
the theory of Burnside, Frobenius, and I. Schur regarding finite groups had no 
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place in this treatise on continuous groups, the representation theory of closed 
groups would certainly have made the book too extensive and heterogeneous. 
Obviously for similar reasons, it is always presupposed that every abstract 
group under consideration admits of a representation such that the elements 
depend upon the parameters of this representation in an analytic way. 

The general theory is applied to several celebrated problems of infinitesimal 
geometry. The first of these applications is the interrelation between simply 
transitive transformation groups on the one hand and non-Riemannian geom- 
etries, especially in the case of flat spaces, on the other hand, as inaugurated in 
1925 by the author. This section makes possible a concise presentation of the 
main results of Cartan and Schouten on the geometry of a group-space and on 
(+), (—), and (0) parallelism, originated by the author’s works. Geometric 
problems of a somewhat different nature, namely, the Raumproblem and 
related topics, are treated along the lines of the equations of Killing whose work 
is, however, greatly simplified and completed. The investigations of Fubini 
regarding intransitive and complete groups of motions and the results on sur- 
faces admitting a deformation are developed within the framework of the 
general group theory of spaces. The author’s investigations on motions in a 
linearly connected manifold also are presented. The elegant treatment of many 
classical problems in this and in the last chapter makes the book very useful. 

The last chapter is devoted to a quite complete theory of contact trans- 
formations, developed from the standpoint of the general theory of continuous 
transformation groups. Criteria are developed for the different kinds of contact 
transformations, as homogeneous and inhomogeneous, restricted and unre- 
stricted, infinitesimal and point transformations in contact. Particular atten- 
tion is paid to the geometric or dynamical meaning of these groups. The in- 
vestigations of Fine on homogeneous contact transformations of maximum 
rank also are included. The Hamilton-Jacobi theory is built up purely on the 
basis of the theory of transformation groups, that is, without resort to the 
calculus of variations. The author has found space to treat in a detailed and 
satisfactory form the fundamental connection between trajectories and waves 
in the Hamilton-Jacobi theory. Lie’s theory of the function groups also is pre- 
sented. 

The author gives at the end of every section many well chosen exercises. 
Some of them may be solved even by a superficial reader. As to the solution of 
the relatively more difficult problems, exact references are given. An extensive 
historical list of books and papers referred to in the text is collected at the end 
of the book. The index is quite complete and useful. 

The above account of the topics comprised in the book is incomplete and 
does not emphasize several original contributions of the author, but it perhaps 
makes clear how rich the book is both in the classical and recent aspects of the 
general theory and also in its applications to differential geometry, differential 
equations, and dynamics. 


AUREL WINTNER 
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SHORTER NOTICES 


The Theory of Atomic Collisions. By N. F. Mott and H. S. W. Massey. (The 
International Series of Monographs on Physics.) Oxford, Clarendon Press, 
and New York, Oxford University Press, 1933. xv-+283 pp. 

This book contains a detailed account of the methods of treating collision 
problems by means of the quantum theory together with applications to the 
experimental material. Although for most of the problems discussed there are 
available exact equations, the practical problem of finding their solutions is 
usually very difficult. The scattering of a particle by a central field is an excep- 
tion to the rule. Solutions by the method of Rayleigh as first applied in this 
field of Faxén and Holtsmark are available for the purpose. This method and 
its main applications to electron scattering and polarization are developed first. 
In this connection Dirac’s relativistic equation for the electron is introduced 
and its implications as to electron spin are discussed. Bohr’s discussion of the 
spin of the free electron is brought into prominence and the theoretical pos- 
sibilities of producing polarized electron beams (Fues-Hellmann) are con- 
sidered. 

The validity of the popular Born method and its limitations are illustrated 
by comparison with exact solutions for central fields following a paper of 
Mott. For the cases where exact solutions are not available other procedures 
such as the method of distorted waves and of the perturbed stationary state 
are systematically presented. The results of calculations are given not only as 
formulas but in the form of graphs and numerical tables as well. Although most 
of the emphasis is on slow collisions, the results of calculations on fast electrons 
and ions are also described. The discussion of the physical meaning of the cal- 
culations and the frequent reference to experimental material are refreshing. 
The book is very practical inasmuch as the language used is clear and concise, 
the methods of treatment are definitely classified, and the mathematical ma- 
nipulations are brief and to the point. 

In reading a book on a modern subject it is usual to come upon special 
features which one wishes were presented differently. They may be due either 
to limitations of time and available page space or to personal differences of 
taste. Some of these are mentioned below. In the discussion of the penetrating 
power of fast particles the work of Bloch [Annalen der Physik, (5), vol. 16 
(1933), p. 285] is mentioned only in a footnote. A more detailed discussion 
would have served to show how far the picture of virtual oscillators applies. 
The reference to the paper of Bethe and Fermi given on page 269 is an obvious 
mistake and must have been meant for another paper of Bethe. The relativistic 
two electron problem is presented clearly enough from the point of view of stat- 
ing rules of calculation. The “correspondence method” of Klein is used as in 
Mller’s paper. It is not necessary to invoke such extreme symbolism as is 
shown by the fact that the interaction energy used by Mgller was known for 
identical particles during the development of the Dirac-Heisenberg-Pauli quan- 
tum electrodynamics. In the discussion of transition probabilities by the 
method of variations of parameters the exponentially decaying types of solu- 
tions introduced by Weisskopf and Wigner in radiation theory are not in- 
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cluded and no detailed discussion of the somewhat analogous exponentially de- 
caying solutions introduced by Gamow for radioactive nuclei seems to be 
available. The resonance discussions of Morse and Stueckelberg and London’s 
considerations on the method of perturbed stationary state functions are, on 
the other hand, considered in some detail and should prove of value to chem- 
ists. The discussion of nuclear scattering at the end of the book shows the na- 
ture of the mathematical methods used but it not sufficiently detailed to indi- 
cate whether the theory is applicable to the nucleus. The authors content 
themselves with brief statements about very good agreement with experiment. 
Although it is certain that for distant nuclear collisions wave mechanics works, 
too much optimism about its universal applicability can be scarcely justified at 
present. Thus Taylor’s results indicate a systematic variation of nuclear radius 
of helium with velocity, and the interpretation of the results seems to be largely 


a matter of faith. 
G. BREIT 


Hohere Algebra. By Helmut Hasse. Volume I, Lineare Gleichungen. Sammlung 

Géschen. Berlin and Leipzig, de Gruyter, 1933. 152 pp. 

This is a second edition of an excellent book first published in 1926 and re- 
viewed in this Bulletin, vol. 33 (1927), p. 251. It contains an introduction to 
the study of algebraic systems; fields, domains of integrity, and groups. The 
principal part of the book is devoted to the solution of systems of linear 
equations. The author in Chapter 3 departs from the usual presentation in 
first developing the theory without the use of determinants by means of the 
notion of equivalence of systems and the Toeplitz procedure of reduction. 
Chapter 4 contains the usual treatment in terms of determinants. The 
changes from the first edition consist chiefly in the correction of typographical 
errors. 

H. T. ENGstroM 


Minimum Decompositions into Fifth Powers. By L. E. Dickson. Mathematical 
Tables, British Association for the Advancement of Science, vol. 3. London, 
1933. 

A great number of numerical investigations have been carried out in con- 
nection with Waring’s problem. There is the table of Dase (1851) on the 
representation of numbers asa sum of cubes for all integers up to 12000 and von 
Sterneck’s extension (1903) to 40000. For biquadratic representations Bret- 
schneider (1853) gave a table to 4100, and for fifth powers there is Wieferich’s 
table to 3011. 

Dickson’s table extends to the imposing number 300000. Through various 
new and ingenious short-cuts it has been possible to reduce the computations 
and also the tabulation of the results. The table is constructed to supplement 
the analytic theory of Waring’s problem and to verify a hypothesis of Dickson, 
that the integers for which a maximal number of components is required are 
relatively small. Those interested in the present state of the problem can find 
an excellent account in Dickson’s review: Recent progress on Waring’s theorem 
and its generalizations (this Bulletin, 1933, pp. 701-727). 


OysTEIN ORE 


| 
| 
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Integralgleichungen. By G. Kowalewski. Berlin and Leipzig, de Gruyter, 1930. 
11 figures. 302 pp. 


To those who have derived inspiration and guidance from the lucid account 
given in Kowalewski’s Einfiihrung in die Determinantentheorie (1909) of the 
theory of infinite determinants and its application to integral equations, the 
present volume comes as a welcome addition to the literature of this subject. 
The book was obviously written as a text and not as a treatise, the author 
defining his purpose in the preface as follows: “Several chapters in my book on 
determinants appearing in 1909 were the first textbook presentation of the 
theory of integral equations in Germany. In the second edition, since sharp 
abbreviation was necessary, a considerable part of these chapters was omitted. 
I was again invited to write a special book on integral equations. Thus the 
present work was commenced. It is to be regarded as a book for our students.” 

The book consists of an extensive introduction and four chapters headed as 
follows: Integral Equations of Volterra Type; Integral Equations of Fredholm 
Type; Fredholm Equations with Symmetric Kernel; Several Applications of 
Integral Equations. } 

The book is noteworthy for its clear exposition of the subject. It does not 
make extensive excursions into recent developments, the discussion of singular 
equations, etc., but adheres closely to what might be called the classical theory. 
The book opens with adequate discussions of the Abel equation and the Fourier 
transform in its integral equation form. The connection between differential 
and integral equations is discussed more thoroughly than in most texts. The 
Cauchy problem, in which conditions are imposed at one point only, is reduced 
to the solution of a Volterra integral equation; the Lagrange problem, where 
conditions are imposed at more than one point, is shown to lead through 
Green’s functions to Fredholm integral equations. 

The Volterra integral equation is treated by standard methods and no 
attempt is made to go into the case of singular kernels except for the elementary 
case k(x, y)/(x—y)™, (0Sm<1). 

Most of the book is devoted to the Fredholm equation. The author has 
done an excellent thing from the standpoint of exposition by basing much of his 
argument and discussion on the bilinear kernel, K(x, y) =>.:-14:(x)B;(y). It 
will be recalled that the original derivation of the Fredholm theory from this 
point of view was made by E. Goursat (Bulletin de la Société Mathématique de 
France, vol. 35 (1907), pp. 163-173) and H. Lebesgue (ibid., vol. 36 (1908), pp. 
3-19), the former developing the formal theory and the latter extending 
Goursat’s results to the infinite case. This approach, rather than the one 
through the limiting form of a set of algebraic equations, has much to recom- 
mend it as an introduction to the theory of the Fredholm equation. Actual solu- 
tions can be attained for special cases and properties of the Fredholm determin- 
ant can be developed as properties of polynomials. The author makes admira- 
ble use of the Goursat-Lebesgue kernel to display many of the attractive 
theorems associated with the theory of elementary divisors without complicat- 
ing the picture by means of infinite determinants and matrices. It must be 
added, however, that these modern tools are used freely throughout the book. 

The book concludes with a very brief chapter on applications. Only the 
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problem of the transverse vibration of a string and the classical boundary 
value problem of harmonic functions (the Dirichlet and Neumann distribu- 
tions) are treated. This seems much too brief even for an elementary exposi- 
tion of the theory of integral equations. It also seems rather unfortunate that 
almost no references to literature are made in the text. The author refers to the 
article of Hellinger and Toeplitz in the Encyklopidie der Mathematischen 
Wissenschaften as supplying completely the need for bibliographical material. 
In a book designed particularly for instruction, it seems unfortunate that more 
reference to the historical development and to the principal contributions has 
been omitted. The book could have been easily illuminated by such reference. 
H. T. Davis 


The Theory of Matrices. By C. C. MacDuffee. (Ergebnisse der Mathematik und 
ihrer Grenzgebiete.) Berlin, Julius Springer, 1933. 110 pp. 

To review in any really critical way such a book as this is impossible. The 
editors of the “Ergebnisse” series carefully pick one of the three or four men in 
the world that know most about matrices. That man spends a year or two of 
intensive reading of the literature, of intensive thought on both the details and 
organization of the subject, and then a reviewer is supposed to act learned and 
critical. It just isn’t a proper set-up. 

It is possible to point out what the author attempts to do and what he does 
not attempt and to give some idea as to how useful is this particular piece of 
work, under the amply fulfilled hypothesis that the workmanship is of high 
order. 

Much adverse criticism, sometimes written but more often spoken, of 
scientific publications is based, not on how well a piece of work is accomplished, 
but on the decision of the reviewer as to whether he would like the author to 
have written something else instead. This is unfair. The reviewer's feeling is 
that we clearly need original contributions of high order, we clearly need organ- 
izing works which unify bodies of seemingly diverse doctrines, and we clearly 
need encyclopaedic discussions that make available a large body of already 
written material, and that we should welcome any book that fulfills any one 
of these purposes. This work definitely is of the encyclopaedic type though, ow- 
ing to the author’s search for elegant proofs and to the necessity of making each 
theorem depend on preceding work, there has been brought about a consider- 
able amount of unity. Though this book is not lacking in original material, the 
author’s personal contributions play a minor part and have been mostly pub- 
lished elsewhere. 

The outline of the book is told simply by the chapter headings, which are as 
follows: 1. Matrices, arrays and determinants. 2. The characteristic equation. 
3. Associated integral matrices. 4. Equivalence. 5. Congruences. 6. Similarity. 
7. Composition of matrices (this chapter including questions dealing with di- 
rect sum and products, etc.). 8. Matric equations. 9. Functions of matrices. 
10. Matrices of infinite order. Except for the fact that the author has a strong 
preference for the theory of linear algebras and especially for its associated 
number theory, this is just what anyone interested in matrix theory would use 
as an outline. The great value of the book, and its value is great, lies in the fact 
that a large amount of detail is presented in outline, with well arranged refer- 


1934.] SHORTER NOTICES 373 


ences to the literature, and in such a way that one can understand the relations 
of the work of various authors to the field as a whole and become acquainted 
with this work with a minimum of labor. Much of this material is nowhere 
else available except in the original memoirs, and thus for the first time really 
takes its place in the body of mathematics. The reviewer has not the knowledge 
to give final judgment as to how completely the field is gleaned, but although 
he is fairly familiar with certain portions of matrix theory, there was no por- 
tion in which the reading of this book did not only bring to his attention refer- 
ences of which he had no previous knowledge but facts that he did not know. 

The most striking deliberate omission is the result of a clear cut policy of 
not describing the applications of matrix theory, although, of course, a knowl- 
edge of these applications is responsible for the inclusion of much material. 

The reviewer would not be human if there were no items of irritation in 
such a work. He doesn’t like, for instance, the use A’ for the reciprocal of A, 
but he doesn’t like spinach either, and both are matters of personal taste. He 
doesn’t like the postulational definition of equality because he likesan introduc- 
tion of the equality symbol by another means far nearer the logical foundations 
of mathematics; again this is a matter of taste. The fundamental thing is that 
the book is a high grade piece of valuable work and the reviewer's grievances, 
though forming basis for delightful evenings of argument, are petty and have 
no essential part in a review. 

No mathematical library can afford to be without this book. Every worker 
in matrix theory will find it both enriching to his knowledge and a great time- 
saver. With all this the author has had the saving grace in each portion to make 
the reader feel how much is left to be done both by way of solving extremely 
difficult problems and by way of rather routine and methodical progress. In 
fact, the reviewer shudders to think how many doctors’ dissertations will be 
the result of this definition of the boundary of knowledge in this one field. 

The author has asked that the following corrections be noted: 


. Page 31, footnote 1: This follows from van der Waerden’s definition of prin- 
cipal ideal ring, but not from the definition given on p. 29. 

. Page 43, line 23: hg; = p,°*!, etc. line 26: p:°*!'. 

. Page 82, footnote 1: Add Zehfuss, G.: Zeitschrift fiir Mathematik und 

Physik, vol. 3 (1858), p. 298. 

Page 93, lines 3 and 12: Replace m, by mn_1. 

. Page 93: Delete three lines beginning “A. Voss.” 

. Page 101, line 1: Replace “small closed path” by “closed path inclosing all 
the characteristic roots of A.” 

. In Chapter X mention should be made of the work of S. Pincherle on 
Linear Operations. For a list of his writings, see Acta Mathematica, vol. 46 
(1925), p. 357. 


vo 
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The reviewer also wishes to correct another error. The theorem 36.5 on 
page 63 is not true, the condition given being necessary but not sufficient. Ina 
recent abstract Mr. K. W. Wegner gives the complete facts for the non-singu- 
lar case. The singular case is now under consideration, 

M. H. INGRAHAM 
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Inversive Geometry. By Frank Morley and F. V. Morley. New York, Ginn and 
Company, 1933. 272 pp., and 67 figures. 


This book is to serve as an introduction to algebraic geometry, 
that term being defined as the geometry of circular inversion. The problems 
considered are chosen from those that lend themselves readily to that treat- 
ment, but the number and the breadth of those selected is astonishingly large. 

The most important prerequisite for the reading of the book is dexterity 
in manipulation of algebraic processes; groups, linear dependence, polarization, 
invariants and covariants, vectors, are all defined and even sometimes illus- 
trated, but so concisely as to be of little use to a reader not already somewhat 
familiar with them. The procedure is everywhere rapid and direct; most of 
the theorems are at once applicable to a large number of cases. The elementary 
operation is that of reflection of a plane figure about a line in the plane. By 
combinations of reflections, rotation and translation are obtained. The product 
of reflections about perpendicular axes is called reversion. 

The chapter on algebra develops the ordinary algebra of the complex num- 
ber, and emphasizes the geometric meaning of each step. Hermitian forms play 
an important part. The euclidean group is then interpreted in terms of the 
algebra just developed, and this is enlarged by adjoining circular inversion, in- 
cluding stereographic projection. A chapter on quadratic and bilinear forms 
prepares for the inversive group in the plane, featuring the necessary conditions 
for finite inversive groups, the treatment being rather similar to that met with 
in the theory of automorphic functions. 

Thus far the material developed provides the necessary tools for the subject 
proper. The binary linear transformation is interpreted in terms of parabolic, 
hyperbolic, or elliptic geometry, according to the reality of the fixed points. The 
idea is then extended to the surface of a sphere and lines are replaced by arcs 
of normal circles. The rectangular hexagon and the case of six perpendicular 
lines are treated in some detail. 

Now follows the idea of conformal mapping, with a consistent physical 
interpretation. A short treatment of the differential geometry of these proces- 
ses closes the first Part. The second Part develops the technique for the map 
equations of a line and of a circle, applies them to regular polygons, and skil- 
fully shows just where the constructive difficulty of the regular polygons lies. 

The introduction of rigid motion in terms of stretches and turns serves to 
make the operations concrete and tangible. The geometry of the triangle now 
offers no new difficulty, and a large number of theorems are speedily developed. 
Invariants under homologies are applied to triangles, four points,and hexagons, 
with an interpretation in terms of barycentric coordinates. 

Rational curves are defined algebraically in terms of a parameter, as is 
customary, but with a number of special features peculiar to the coordinates 
employed. Here the parameter is the complex number of modulus 1. Conics, the 
cardioid, and the deltoid come in for more detailed treatment. The character- 
istic properties of these latter curves lend themselves particularly to treatment 
by the methods here developed. A short chapter on Cremona transformations 
is, in the opinion of the reviewer, less successful. For the elementary circular 
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cases it is entirely appropriate, but the application to the Geiser and Bertini 
involutions is decidedly sketchy. 

The book closes with a well written chapter on the n-line, developing from 
the beginning the essentials of the Clifford-Morley chain. 

The press work is excellent and the proof reading faultless. The authors 
have succeeded in presenting the power and the fascination of the uses of 
inversive geometry in a competent and dignified way. 

VirGIL SNYDER 


Le Calcul Vectoriel. By Alex. Véronnet. Paris, Gauthier-Villars, 1933. xviii+252 
pp- 

Except for a few chapters on the fundamental operations, this book is 
concerned almost entirely with the analytical properties of vectors in n dimen- 
sions. With a set of m coordinates is associated a vectorial number having those 
coordinates as components. A function of the coordinates is then regarded as 
a function of the vectorial number and operations of differentiation are de- 
fined analogous to those for a single variable. By taking the unit vectors as 
variable, the operations of tensor analysis are given a natural and simple inter- 
pretation. The treatment is formal in the sense that there are no convergence or 
limit proofs. No special notation is used, it being the view of the author that 
the reader should know from its significance what type of scalar or vector each 
letter represents. There are no problems or applications to physics. This book, 
particularly the chapter on tensors, should prove valuable collateral reading 
for the student interested in the analytical or multiple-algebraic phase of vector 
analysis. 

H. B. 
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NOTES 


A new journal entitled Applied Mathematics and Mechanics has been 
founded under the auspices of the Leningrad Mechanical Society. Professor 
E.L. Nicolai is managing editor. 


The Congress of Mathematicians of the Slavic Countries will meet at 
Prague, September 23-28, 1934. All mathematicians are invited to attend. 
Inquiries may be addressed to the Jednota Ceskoslovenskych Matematiku a 
Fysiku, Vodickova 20, Prague II. 


Under the auspices of the Edinburgh Mathematical Society, a Colloquium 
will be held at St. Andrews University, St. Andrews, Scotland, from July 18 
to July 28, 1934. The following courses of lectures have been arranged: World- 
structure by the kinematic methods of the special theory of relativity, by Professor 
E. A. Milne, of the University of Oxford; Ramanujan’s note-books and their 
place in modern mathematics, by Professor B. M. Wilson, of University College, 
Dundee; Pictorial geometry, by Professor H. W. Turnbull, of the University 
of St. Andrews; Some expansions relating to the problem of lattice points, by 
W. L. Ferrar, of Hertford College, Oxford. Inquiries may be sent to Dr. D. E. 
Rutherford, United College, St. Andrews. 


At Cambridge University, Smith’s prizes have been awarded to K. Mitchell, 
of Peterhouse, and A. J. Ward, of Emmanuel College, and Rayleigh prizes to 
M. S. Bartlett, of Queen’s College, and C. G. Pendse, of Downing College. 


The Catherine Wolfe Bruce gold medal of the Astronomical Society of the 
Pacific for the year 1934 has been awarded to Alfred Fowler, Yarrow research 
professor of the Royal Society and professor of astrophysics in the University 
of London, for distinguished service in the field of astronomy. 


A prize of one thousand dollars awarded to Dr. Annie J. Cannon by the 
Association to Aid Scientific Work by Women has been donated by Dr. Can- 
non to the American Astronomical Society as an endowment for a prize to be 
awarded to women “for distinguished contributions to astronomy or for simi- 
lar contributions in related sciences which have immediate application to 
astronomy.” 


The Belgian Academy of Sciences announces the following subjects for 
prize memoirs: A contribution to the invariant theory of the calculus of variations 
(competition closes July 31, 1934); Researches on the properties of algebraic 
varieties in three dimensions that are invariant under birational transformations 
(competition closes July 31, 1934); A study of the formal logic of Plato (competi- 
tion closes October 31, 1934); A mathematical or experimental investigation 
that represents important progress in the mathematical theory of the Earth (com- 
petition closes June 30, 1936). 


The prize instituted by the review Scientia in memory of Eugenio Rignano 
for a memoir on the evolution of the concept of time has been awarded jointly 
to Professor S, Zawirski, of Poznan, and Professor G. Giorgi, of Palermo. 


= 
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The Francqui prize of the Francqui Foundation of Belgium has been 
awarded to the Abbé Georges Lemaitre, professor of the theory of relativity 
and the history of physical and mathematical sciences at the University of 
Louvain. 


The Leningrad Academy of Sciences has elected to honorary membership 
the following mathematicians and mathematical physicists: Professor G. H. 
Hardy, of Cambridge; Dr. Erwin Schroedinger, of Oxford (formerly of Berlin); 
Professor David Hilbert, of Géttingen; Dr. Max Born, of Cambridge (formerly 
of Gottingen); Professor Tullio Levi-Civita, of Rome. 


Gaston Julia has been elected a member of the Paris Academy of Sciences 
in the section of geometry, as successor to the late Paul Painlevé. 


A tablet has been unveiled at the University of Pavia in honor of G. Sac- 
cheri, the precursor of non-euclidean geometry, who died in 1733. 


Dr. Francesco Severi, professor of mathematics at the University of Rome, 
has been elected a corresponding member of the Prussian Academy of Sci- 
ences. 


The following mathematicians have been elected fellows of the Royal 
Society of Edinburgh: Mr. W. L. Edge and Dr. I. M. H. Etherington, of the 
University of Edinburgh, Dr. D. E. Rutherford, of the University of St. 
Andrews (United College), and Professor B. M. Wilson, of the University of 
St. Andrews (University College, Dundee). 


Mr. A. S. Besicovitch, of Cambridge, and the Reverend Alfred Young, 
rector of Birdbrook, Essex, have been elected fellows of the Royal Society of 
London. 


A Leverhulme research fellowship has been awarded to C. R. Burch, of 
the Metropolitan-Vickers Electrical Company, for research on the production 
of aspherical optical surfaces and on their imaging properties in combination, 


Sir William Hopwood Jeans has been elected president of the British 
Association for the Advancement of Science, as successor to the late Sir Wil- 
liam Hardy. 


The title “honorary fellow of University College, London,” has been con- 
ferred on Dr. Karl Pearson, professor emeritus of eugenics. 


Professor R. D. Carmichael has been elected vice-president and chairman 
of Section A (mathematics) of the American Association for the Advancement 
of Science. 


Dr. A. H. Diamond, of the University of California, has been awarded 
an American Field Service fellowship for study at the Sorbonne in the field of 
the applications of analysis to geometry. 


Professor Arnold Dresden, of Swarthmore College, has been awarded a 
Guggenheim fellowship, for the preparation of a book on the calculus of varia- 
tions, an attempt to unify the three points of view now dominant in this field; 
he will work at Pisa and at the Institute for Advanced Study. 
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Professor E. T. Whittaker, of the University of Edinburgh, who was ap- 
pointed Hitchcock Professor at the University of California for the second 
semester of 1933-34, lectured in Berkeley from March 19 to April 3, and in 
Los Angeles on April 5 and 6, at the University of California. At Berkeley, he 
delivered five public lectures on the general topic The geometrical description 
of nature, and fivetechnical lectures on Recent general field-theories, especially 
those of Schouten and van Dantzig. At Los Angeles he repeated his public lec- 
tures in briefer form. He returned immediately to Edinburgh to resume his 
duties there. The honorary degree of Doctor of Laws was conferred upon him 
by the University of California on the occasion of its Charter Day celebration 
on March 23, 1934. 


The following seventy-five doctorates with mathematics or mathematical 
physics as major subject were conferred during 1933 in universities in the 
United States and Canada; the major subject is mathematics unless other- 
wise specified. The university, month in which the degree was conferred, minor 
subject (other than mathematics), and title of dissertation are given in each 
case if available. 


Helen Schlauch Adams (Mrs. L. P.), Cornell, September, minor in physics, 
The normal rational n-ic. 

Beatrice Aitchison, Johns Hopkins, June, On mapping with functions of 
Sinite sections. 

H. H. Alden, Ohio State, June, Properties of differential equations and in- 
tegrals of differential equations arising from properties of the solution curves. 

E. W. Anderson, Iowa State College, June, minors in physics and engineer- 
ing, Statics of special types of homogeneous elastic slabs with variable thickness. 

H. M. Bacon, Stanford, June, minor in history, An extension of Kronecker's 
theorem. 

S. F. Barber, Illinois, June, minor in astronomy, Planar Cremona trans- 
formations. 

J. H. Binney, Rice Institute, June, An elliptic system of integral equations 
on summable functions. 

Julia W. Bower, Chicago, June, The problem of Lagrange with finite side 
conditions. 

Dorothy S. Brady, California (Berkeley), May, On the solution of homo- 
geneous linear integral equations. 

S. H. Caldwell, Massachusetts Institute of Technology, June, major in 
electrical engineering, minor in physics, The extension and application of dif- 
ferential analyzer technique in the solution of ordinary differential equations. 

Josephine H. Chanler, Illinois, June, minor in physics, Poristic double 
binary forms. 

S. P. Cheo, Michigan, June, Singularities of analytic vector functions. 

W. S. Claytor, Pennsylvania, June, On the immersion of a Peanian con- 
tinuum in a spherical surface. 

H. E. Crull, Illinois, June, minor in astronomy, Quartic surfaces invariant 
in the symmetric group Gr. 


| 
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W. M. Davis, Chicago, August, Contributions to the theory of conjugate 
nets. 

J. G. Estes, Massachusetts Institute of Technology, June, minor in aero- 
nautical engineering, The lift and moment of an arbitrary aerofoil-Joukovsky 
potential. 

H. M. Feldman, Washington University (St. Louis), June, minor in physics, 
Product moments of samples drawn from a set of infinite populations. 

J.S. Frame, Harvard, June, The theory of tables of group characteristics. 

Gordon Fuller, Michigan, February, On the invariant character of -ertain 
systems of partial differential equations. 

A. T. Goble, Wisconsin, December, major in physics, The four vector prob- 
lem in quantum mechanics with applications to platinum-like spectra. 

H. S. Grant, Pennsylvania, June, Concerning powers of certain classes of 
ideals in a cyclotomic realm which give the principal class. 

N. M. Gray, New York, June, major in physics, On the calculation of the 
magnetic moment of the Li’ nucleus from hyperfine structure data. 

T. N. E. Greville, Michigan, June, Invariance of the property of admissibility 
under certain general types of transformations. 

D. F. Gunder, Wisconsin, October, The flexure problem for rectangular 
beams with slits. 

Abraham Hackman, Rensselaer Polytechnic Institute, June, minor in 
mathematical physics, Am investigation of the applicability of Fourier’s integral 
and Fourier’s series to the summation of series of integral powers of the reciprocals 
of the natural numbers. 

E. H. Hadlock, Cornell, June, On the progression associated with a ternary 
quadratic form. 

D. L. Hibbard, Massachusetts Institute of Technology, June, minor in 
business and engineering administration, Mathematical risks. 

R. C. Hildner, Ohio State, December, Inverse problems of the calculus of 
variations involving the Hamilton and the Hamilton-Carathéodory functions. 

P. G. Hoel, Minnesota, March, minor in physics, Certain problems in the 
theory of closest approximation. 

Roberta F. Johnson, Cornell, June, minor in philosophy, Involutions of 
order 2 associated with surfaces of genera Pa=p,=0, P2=1, P3=0. 

H. K. Justice, Cincinnati, June, Group theory applied to vector differential 
equations. 

S. C. Kleene, Princeton, October, A theory of positive integers in formal 
logic. 

V. S. Lawrence, Jr., Cornell, June, Closed orbits in central distance force 
fields. 

Joseph Lev, Cornell, September, minor in physics, Effects of linear trans- 
formations on the divergence of bounded sequences and functions. 

J. F. Locke, Illinois, February, minor in philosophy, Repeated sums of 
certain functions. 

E. R. Lorch, Columbia, April, Elementary transformations. 

Emma W. McDonald, California (Berkeley), May, minor in astronomy, 
Magic cubes which are uniform step cubes. 
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M. L. MacQueen, Chicago, December, A projective generalization of euclid- 
ean parallelism of surfaces. 

G. R. Magee, Chicago, June, Conjugate nets of ruled surfaces in a congru- 
ence. 

J. R. Mayor, Wisconsin, June, A generalization of the Veronese and Steiner 
surfaces. 

W. I. Miller, Pittsburgh, February, Fundamental regions for the simple 
group of order 168 in 

Deane Montgomery, Iowa, January, minor in philosophy, Sections of point 
Sets. 

L. T. Moston, Harvard, June, Invariant methods in the infinitesimal geome- 
try of surfaces. 

D. S. Nathan, Cincinnati, June, Groups of transformations in a composite 
function space. 

Abba V. Newton, Chicago, August, Consecutive covariant configurations at 
a point of a space curve. 

G. W. Nicholson, North Carolina, June, The generalized form of the Lorentz 
transformation. 

E. R. Ott, Illinois, February, minor in physics, A modular manifold de- 
termined by the planar quartic curve. 

L. F. Palmer, Cincinnati, June, On the strong summability of the double 
Fourier series. 

Ruth M. Peters, Radcliffe, June, Parallelism and equidistance in Rieman- 
nian geometry. 

Melba N. Phillips, California (Berkeley), May, major in physics, Prob- 
lems in the spectra of the alkalis: 1. Photo-ionization probabilities in atomic 
potassium. I1. Theoretical considerations on the inversion of doublets in alkali- 
like spectra. 

H. S. Pollard, Wisconsin, October, minor in statistics, On the relative sta- 
bility of the median and arithmetic mean, with particular reference to certain 
frequency distributions which can be dissected into normal distributions. 

T. E. Raiford, Michigan, February, Some geometric aspects of linear trans- 
formations. 

H.W. Raudenbush, Jr., Columbia, September, Differential fields and ideals 
of differential forms. 

P. K. Rees, Rice Institute, June, Transforms of Fuchsian groups. 

Casper Shanok, Yale, June, Convex polyhedra and criteria for irreducibility. 

P. M. Singer, California (Berkeley), May, Periodic continued fraction ex- 
pansions of quadratic irrationalities. 

Abraham Sinkov, George Washington, June, Families of groups generated 
by two operators of the same order. 

H. E. Spencer, Cornell, June, minor in physics, On convergence and osctlla- 
tion of transforms of sequences of vectors. 

Anna A. Stafford, Chicago, August, Knotted varieties. 

Morris Stone, Pittsburgh, June, minors in physics and mechanical engineer- 
ing, The general torsion problem; solution by electric flow analogue. 
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Alexander Tartler, Pennsylvania, June, On a certain new class of orthogonal 
polynomials. 

Arthur Tilley, New York, June, minor in physics, On spaces (E) of Fréchet. 

Y. Y. Tseng, Chicago, March, The characteristic value problem of Hermitian 
functional operators in a non-Hilbertian space. 

H. L. Turrittin, Wisconsin, June, Asymptotic solutions of certain ordinary 
differential equations associated with multiple roots of the characteristic equation. 

T. L. Wade, Jr., Virginia, June, minor in physics, Irreducible complete 
systems of euclidean concomitants for some cubic curves with their syzygies and 
their geometric interpretations. 

G. P. Wadsworth, Massachusetts Institute of Technology, June, minor in 
physics, The geometry of linear homogeneous partial differential equations of the 
jirst order. 

T. O. Walton, Michigan, February, Geometrical studies suggested by a proof 
of the fundamental theorem of algebra. 

C. H. Wheeler, Johns Hopkins, June, A type of homogeneity for continuous 
curves. 

N. G. Whitelaw, Wisconsin, major in physics, Theory of the quantum defect 
and anomalous multiple structure of Al 11. 

Marian A. Wilder, Minnesota, July, minor in biometry, Some problems in 
closest approximation over a discrete set of points. 

L. A. Wills, New York, June, major in physics, Relativity corrections in the 
theory of hyperfine structure. 

Clement Winston, Pennsylvania, February, On mechanical quadratures 
formulae related to the classical orthogonal polynomials. 

C. R. Worth, California Institute of Technology, June, minor in mathe- 
matical physics, The subvarieties of a field. 

Y. C. Yeh, Massachusetts Institute of Technology, June, minor in naval 
architecture, The distribution of stresses in welded structures. 

P. T. Yuan, Michigan, February, On the logarithmic frequency distribution 
and the semi-logarithmic correlation surface. 


Dr. Karl Bechert, of the University of Miinchen, has been appointed pro- 
fessor of theoretical physics at the University of Giessen. 

Dr. Adolf Frankel, formerly of Kiel, has been appointed professor of mathe- 
matics at the Hebrew University, Jerusalem. 

Professor Otto Haupt, of the University of Erlangen, has been appointed 
professor of mathematics at the University of Leipzig. 

Professor Werner Heisenberg, of the University of Leipzig and Magdalen 
College, Oxford, has been appointed Rouse Ball lecturer at Cambridge for 
1933-34. 

Professor Jakob Horn, of the Darmstadt Technical School, has retired. 


Dr. Johannes Picht has been appointed associate professor of theoretical 
physics at the Berlin Technical School. 
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Charles Platrier has been appointed professor of mechanics at the Ecole 
Polytechnique, as successor to the late Paul Painlevé. 


Dr. R. Stoneley, of St. John’s College, and Dr. H. M. Taylor, of Clare Col- 
lege, have been appointed University lecturers in the faculty of mathematics 
at the University of Cambridge. 


Professor Theodor Vahlen, of Greifswald, has been appointed professor of 
applied mathematics and director of the Institute for Applied Mathematics 
at the University of Berlin, as successor to Professor Richard von Mises. 


Professor P. A. M. Dirac, of the University of Cambridge, has been ap- 
pointed visiting professor of mathematical physics at the Institute for Ad- 
vanced Study, Princeton, for the academic year 1934-35. 


Professor H. B. Phillips, of the Massachusetts Institute of Technology, has 
been appointed acting head of the department of mathematics. 


Dr. J. E. Rowe, formerly president of Clarkson College of Technology, has 
been appointed a member of the Board of Veterans’ Appeals, which passes 
on contested compensation and hospitalization cases. 


Associate Professor George Rutledge, of the Massachusetts Institute of 
Technology, has been promoted to a professorship of mathematics, effective 
in the fall of 1934. 


Dr. H. P. Thielman, of the Ohio State University, has been appointed pro- 
fessor of mathematics at the College of St. Thomas, St. Paul, Minnesota. 


Dr. Stefan Warschawski, of Géttingen, has been appointed associate in 
mathematics at Columbia University for the year 1934. 


Dr. Fritz Haber, formerly director of the Kaiser Wilhelm Institut fir 
Physikalische Chemie und Elektrochemie at Berlin, died January 29, 1934, 
at the age of sixty-five. 


The death at the age of eighty-nine is announced of Sir Thomas Muir. 
known for his work in determinants, and superintendent-general of education 
at the Cape of Good Hope. He had been a member of the American Mathe- 
natical Society since 1913. 


Professor Ludwig Schlesinger died at Giessen, December 16, 1933, at the 
age of sixty-nine. 


Professor D. M. Y. Sommerville, of Victoria College, Wellington, New 
Zealand, died January 31, 1934, at the age of fifty-four. He had been a member 
of the American Mathematical Society since 1915. 


Professor Gerhard Thomsen, of the University of Rostock, died January 
4, 1934, at the age of thirty-four, 
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Paul Vieille, member of the Paris Academy of Sciences in the section of 
mechanics, and known for his work in interior ballistics and the thermody- 
namics of explosives, has died, at the age of eighty. 


A. S. Hathaway, professor emeritus at the Rose Polytechnic Institute, 
Terre Haute, Indiana, died March 11, 1934, at the age of seventy-eight. He 
had been living at Boerne, Texas, since his retirement thirteen years ago. 
Professor Hathaway, prominent in the early days of this Society, had been a 
member since 1891. 


Professor Arthur Ranum, of Cornell University, died February 28, 1934, 
in his sixty-fourth year. He had been a member of the American Mathematical 
Society since 1904. 
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ABSTRACTS OF PAPERS 


SUBMITTED FOR PRESENTATION TO THE SOCIETY 


The following papers have been submitted to the Secretary 
and the Associate Secretaries of the Society for presentation at 
meetings of the Society. They are numbered serially throughout 
this volume. Cross-references to them in the reports of the 
meetings will give the number of this volume, the number of 
this issue, and the serial number of the abstract. 


191. Professor J. L. Walsh: On the convergence and overconver- 
gence of sequences of polynomials of best approximation. 


In the study of the convergence of sequences of polynomials of best ap- 
proximation in the sense of least pth powers (p>0) to a function analytic on 
a given closed limited point set as measured by various integrals with non- 
negative norm functions, characteristic results on overconvergence (i.e., proof 
of greatest geometric degree of convergence) can be established if the norm 
function and some negative power of it are integrable. If approximation is 
measured by a line integral over some rectifiable Jordan curve or finite set of 
rectifiable Jordan curves or arcs C, it is sufficient if the norm function is in- 
tegrable, and if on each closed subset of C containing no point of a given re- 
ducible set of C some negative power is integrable. (Received March 17, 
1934.) 


192. Professor J. L. Walsh: On interpolation by polynomials. 


The following theorem is an extension of results due to Kalmar and Fekete. 
Let C be a closed limited point set of the z-plane whose complement K is con- 
nected and possesses a Green's function with pole at infinity. Let w= ®(z), &’( 0) 
=1, map K conformally (not necessarily uniformly) onto | w| >r. Let the points 
Bi™, B™,--- , Bass (n=0, 1, 2, ---) have no limit point exterior to C. If f(z) 
is analytic on C, and if pn»(z) is the polynomial of degree n which interpolates to 
f(z) in the points Bx™, then equivalent necessary and sufficient conditions that 
paz) converge to f(z) uniformly on C for every such f(z) are limn.| (c=—\™) 
(g—p, = | (:)| in K, limn.« [max| 
2 on =r. If these conditions are satisfied, the poly- 
nomial p,(z) converges to f(z) on C with the greatest geometric degree of con- 
vergence, as does the polynomial P,(z) of degree n found by interpolation to f(z) 
in the firstn-+1 of the points , B® , , BS”, ,--- . The poly- 
nomial P,(z) is the sum of the first n+1 terms of a series of interpolation. 
(Received March 17, 1934.) 
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193. Mr. F. B. Jones: Concerning locally peripherally separ- 
able spaces. 


A space is locally peripherally separable provided that, if P is a point of a 
region R, there exists in R a domain D containing P such that the boundary of 
D is separable. The principal theorem established in this paper is as follows: 
If a connected, locally connected metric space S is locally peripherally separa- 
ble, then S is completely separable. It follows in particular that a space satisfy- 
ing Axioms 0, 1, 3, and 5: of R. L. Moore’s Foundations of Point Set Theory 
is completely separable if metric. (Received March 30, 1934.) 


194. Dr. R. C. Hildner: An inverse problem associated with the 
Hamilton-Carathéodory function. 


C. Carathéodory (Acta Mathematica, vol. 47) has shown that to the 
Hamilton function H of a problem of Lagrange there corresponds the entire 
class of equivalent problems of Lagrange. In the present paper an inverse prob- 
lem connected with what may be called the Hamilton-Carathéodory function 
IC(x, V1, thnsm); I(x, V1, Yu, Mi, °° * Un, 0, , 0) 
=H(x, v1, ,¥n, U1, *** , Un), is formulated and solved. Omitting reference 
to obvious conditions phrased in terms of class properties, it is found that 
necessary and sufficient conditions for an assigned function 3C to be the Hamil- 
ton-Carathéodory function of a problem of Lagrange are that the determinants 
5=|#5C/du,du.| (r, c=1, 2,--- , n+m) be different from zero and that 
(possibly after suitably renaming the u;) every mth order determinant which 
can be formed from the elements of the matrix of the first 2 columns of 6 and 
which contains elements from at most (m—1) of the last m rows of 6 vanishes 
identically. The problem of Lagrange associated with an admissible function 
3C is exhibited and is found to be unique, a result obtained in the case m=0 
by L. La Paz (this Bulletin, vol. 35, p. 452). (Received March 19, 1934.) 


195. Professor H. W. March: The deflection of a rectangular 
strip of plywood under a load concentrated along a line through 
the center. 


The differential equation for the deflection of a sheet or plate of plywood 
of given structure under a given load is set up. This equation is solved for rec- 
tangular strips of plywood, simply supported at the ends, free along the two 
remaining sides, and loaded uniformly along a line passing through the center 
of the strip and perpendicular to the free edges. This corresponds to the actual 
situation in tests to determine the apparent Young’s modulus in bending. To 
determine the circumstances under which the assumption that the strip may 
be treated as a thin plate is valid and the correction that is to be made when it 
is not, the strip is also treated as a double cantilever in a state of plane strain. 
This leads to an expression for the correction as a function of the span-depth 
ratio. This correction is calculated in terms of the elastic constants of the in- 
dividual plies for plywood of three, five, seven, and nine plies, the plies being 
of equal thickness and symmetrically placed with respect to the middle plane. 
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A strip of isotropic material is also treated as a plate and in a state of plane 
strain. (Received March 28, 1934.) 


196. Professor V. G. Grove: On a certain correspondence be- 
tween surfaces in hyperspace. 


Associated with each point on a surface in hyperspace is a certain space, 
called the two-osculating space of the surface at the point, defined as the 
ambient space of the osculating planes of all of the curves on the surface 
through the point. This paper studies the point-to-point correspondence be- 
tween two surfaces such that the two-osculating spaces of the surfaces at cor- 
responding points coincide. It is found that both surfaces are considerably re- 
stricted. In fact in certain cases the lines joining corresponding points form a 
congruence in the usual sense. In the cases in which the two-osculating spaces 
of the surfaces are of four dimensions the surfaces must sustain either a con- 
jugate net one of whose component families of curves is a family of plane 
curves, or a one-parameter family of straight lines. (Received March 17, 1934.) 


197. Professor Harry Levy: Non-Riemannian mantfolds in 
Riemannian space. 


The author investigates the geometry of m congruences of curves in Rie- 
mannian space and finds that he is led to a linear connection which is not 
Riemannian. Parallelism is independent of the path when the angle, at a point, 
between any two curves of different congruences is the same for all points, and 
then two directions are parallel if they make equal angles with corresponding 
curves of the congruences. Further properties of parallelism are obtained, 
curvature of a curve is defined, and several properties of curvature are given. 
The geometry here developed is related to conformal geometry by showing 
that parallelism with respect to a congruence is invariant under conformal 
transformations of one Riemannian space into another. Conversely, if be- 
tween two Riemannian spaces there exists a correspondence which preserves 
parallelism with respect to every ennuple, the correspondence is conformal. 
(Received March 12, 1934.) 


198. Professor Tibor Radé: On convex functions. 


The functions f(x) considered in this paper are supposed to be continuous 
and positive in a given open interval x; <x <2. If a, 8 are real numbers, we put 
I(f, x,h, ax) = f(x */(2h), ACF, xh, B) = [(f(x +h 
For a=0, 8=0, J and A are defined by their well-known limits for a—0, 6-0. 
The following definitions are used. C denotes the class of all those functions 
f(x) which are continuous, positive, and convex in x1<x<x2. C(a, B) de- 
notes the class of all those functions f(x) which are continuous and positive 
in x1<x<4%2, and satisfy an inequality I(f, x, h, «)<A(f, x, h, 8) for all values 
of x and h such that 11<x—h<x+h<x. S(a, 8) denotes the set of all couples 
(a, 8) for which C(a, 8)>C, and S*(a,8) denotes the set of all those couples 
{a, 8) for which C(a,8)<C. These sets S(a, 8), S*(a, 8), and the analogous 
sets corresponding to concave functions are explicitly determined, and the re- 
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sults are applied to the theory of convex functions. (Received March 26 
1934.) 


199. Mr. Solomon Kullback: The distribution laws of the dif- 
ference and quotient of variables independently distributed in 
Pearson type III laws. 


Let u=x—y and v=log x—log y, where the distribution laws of x and y 
are respectively given by x°-'e*/| and yt" e-v/{q. Then by an application 
of the theory of characteristic functions we are enabled to derive the distribu- 
tion laws of u and v. The distribution of w=x/y may be obtained from that of 
v by the transformation w =e’. The result for u in the special case p=g has been 
obtained otherwise by Pearson, Stouffer, and David in Biometrika (vol. 24, p. 
293 ff.). The result for z where e° = (;/n2) - e* has been obtained otherwise by 
R. A. Fisher in Proceedings of the International Mathematical Congress, 
Toronto (vol. 2 (1924), p. 805 ff.). Although the results are not entirely new 
they are presented as examples of the general solution of the distribution prob- 
lem of statistics by means of characteristic functions. (Received March 17, 
1934.) 


200. Mr. Marshall Hall: Arithmetic properties of a partition 
function. 


The sequence H*(n) which represents the number of partitions of m different 
things, is the subject of this paper. The sequence is studied by means of its 
generating function e*—1 as the coefficient of x” in e*”— is H*(n)/n!. It is proved 
that H*(n+p)=H*(n+1)+H*(n)(mod p) where # is any prime. This includes 
the previously known theorem H*(p)=2(mod ) as a special case. From this 
congruence follows the periodicity of the residues of H*(”) modulo p. We have 
H*(n+h)=H*(n) (mod p) where h is some divisor of p?—1. A slight extension 
of the method proves the periodicity of the residues of H*(m) for any modulus. 
(Received March 19, 1934.) 


201. Mr. Solomon Kullback: A note on the distribution of a 
certain partial belonging coefficient. 


In a paper in Metron (vol. 7 (1928), No. 3, pp. 3-46) Romanovsky studied 
the distributions of various coefficients of racial likeness. In particular he con- 
sidered the first partial belonging coefficient a:! of Pearson. Romanovsky was 
unable to find the distribution of a! in “manageable form,” but was able to 
determine the moments of the distribution and its limit as the number of ob- 
servations increased indefinitely. By means of the theory of characteristic 
functions we are able to find the distribution of a:' asa closed formula and show 
that the moments of this distribution and its limiting form agree with those 
found by Romanovsky in a different manner. A simple transformation will 
change the distribution to Student’s distribution. (Received March 26, 1934.) 
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202. Dr. Jacob Levitski: On automorphisms of certain rings. 


In this paper a set M of automorphisms of a ring R in which the “double- 
chain-condition” on right ideals holds is considered, and it is proved that the 
quotient-ring K/N, where K is the set of all the elements of R which remain in- 
variant under each automorphism belonging to M, and N is the radical of K, 
is semi simple. If M is a finite group and R is semi simple, then also K is semi 
simple. As an application of the results obtained here, a new proof is derived 
for the theorem which states the semi simplicity of a group-algebra over a 
field whose characteristic does not divide the order of the group. (Received 
April 4, 1934.) 


203. Professor J. L. Walsh: On equipotential curves. 


Let R be an infinite region whose boundary B is finite, and let G(x, y) be 
Green’s function (supposed to exist) for R with pole at infinity. Then the normal 
at an arbitrary point (xo, yo) of R to the locus G(x, y) =G(xo, vo) when extended 
from (xo, Yo) in the sense of decreasing G(x, y) must intersect the smallest convex 
region containing B. If R is simply connected, this normal must intersect B. This 
result has obvious extensions to the case that R is not infinite, where the pole of 
G(x, y) is an arbitrary point of R. (Received April 25, 1934.) 


204. Sister Mary Cleophas Garvin, S.N.D.: On the conver- 
gence of a generalized series and the relation of its coefficients to 
those of the corresponding power series. 


series considered in this paper, (1—2"), includes those of 
Lambert, Weierstrass, and Hansen. The regions of convergence for integral val- 
ues of \ and uw are determined and uniform convergence is established. Under 
certain conditions placed upon a, the function represented by the series has the 
unit circle as a natural boundary. In that part of its region of convergence which 
lies within the unit circle every series of the given type can be expanded as a 
power series whose coefficients A, are the sum of those a;’s whose subscripts sat- 
isfy the congruence n/k= (mod x). By means of an inversion function the coef- 
ficients a, are likewise obtained in terms of A;’s, so that a power series whose 
constant term is zero can be expressed as a series of the given type provided yu 
is a multiple of \. (Received April 30, 1934.) 


205. Dr. A. F. Moursund: On Nevanlinna’s weak summation 
method. 


In the theory of summation of Fourier series by Nevanlinna’s weak summa- 
tion method, which is essentially the same as the Bosanquet-Linfoot zero order 
method (for details see the author’s paper, On the Nevanlinna and Bosanquet- 
Linfoot summation methods, Annals of Mathematics, vol. 35, April, 1934), the 
function px(8)=2/xf," "| f,'8 (log (log sin (2nt-+1)s 
(sin dt| ds, with 8>0 and the “dummy” constant C2e*+1, plays a role 
analogous to the role the well known Lebesgue constants p, play in the theory 
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of convergence of such series. It is shown in this paper that (i) for each n=0, 
pn(8)—pn as B—0, (ii) for O<B<1, pn(8)=4/x* (log C)/(1—8)+0(1), (iii) 
pn(1) =4/x? log C - log logn+-O(1), and (iv) for 8>1, p»(8) is uniformly bounded 
with respect to m for n=0. (Received April 30, 1934.) 


206. Dr. Ruth G. Mason: Further properties of ternary con- 
tinued fractions. 


Formulas are developed connecting the convergents of a periodic ternary 
continued fraction with those of the fractions of the set obtained by a cyclic 
permutation of the partial quotient pairs. The product of all the o1's of such a set 
is shown to be p, and formulas are developed connecting the o’s of different frac- 
tions in the set. Rules are established for the direct formation of any convergent 
and for the coefficients M and N of the characteristic equation. The periodic 


that of (—gn, ; —f2; —fr;). If a fraction has the property 
that it and its inverse belong to the same field independently of the order of the 
partial quotient pairs, then Lehmer’s sufficient linear condition on the p’s and 
q's is shown by a new method to be necessary and sufficient. (Received May 4, 
1934.) 


207. Dr. A. L. Foster: On the representation of abstract 
Boolean algebras. 


The question is considered: Can any abstract Boolean algebra be realized as 
an algebra of classes? No general answer is given, but it is shown that in a large 
class of these algebras (see abstract No. 208) such a realization is always possible. 
(Received May 4, 1934.) 


208. Dr. A. L. Foster: Certain classifications of Boolean al- 
gebras. 


The author presents examples of Boolean algebras which show that, unlike the 
case of finite Boolean algebras, the unrestricted postulates for Boolean algebra 
are not categorical. The basis is laid for certain classifications of Boolean algebras. 
Apart from their role as a classification guide, the examples are of interest as they 
include (1) denumerably-infinite algebras, and (2) modular Boolean algebras. 
(Received May 4, 1934.) 


209. Dr. A. L. Foster: Boolean algebra and the abstract the- 
ory of algebraic ideals. 
A general theory of modular Boolean algebras is formulated, a theory repre- 


senting a natural parallel to a good portion of the abstract theory of ideals. (Re- 
ceived May 4, 1934.) 


210. Professor H. V. Craig: On a generalized tangent vector. 

The purpose of this paper is to derive from F(x, x’, - - - , x”) a vector having 
the cardinal properties of the Finsler covariant tangent vector. (Received May 
7, 1934.) 


fraction g1; G2; * 3 Pay Qn;) has a characteristic equation reciprocal to 
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211. Dr. C. H. Dix: Mechanical invariants of the sweeping-out 
process. 


We prove the theorem: If a general bounded distribution of positive mass in 
a closed connected region R is swept-out on a surface S entirely enclosing R in 
its interior, then the center of gravity and the principal axes are invariants for 
the sweeping-out transformation. The theorem is still true for more general sets 
S. (Received May 7, 1934.) 


212. Dr. E. J. McShane: Extension of range of functions. 


Let f(x) be a real function defined as a subset E of a metric space S (in which 
distance is denoted by || -, -||). If f(x) has a property P on E, we wish to extend 
the range of definition of f(x) to the entire space S in such a way that the ex- 
tended function also has property P on all of S. It is shown that this is possible 
for a property P which has as particular cases: (1) f(x) satisfies a Lipschitz or 
Hdlder condition on E. (2) f(x:1) —f(x2) where w is a continuous func- 
tion which is concave downwards. As corollaries we have the well known theorems 
that if S be euclidean n-space, a function f(x) continuous on a bounded closed set 
E can be extended to be uniformly continuous and bounded on S, and if f(x) be 
continuous on any closed set E it can be extended to be continuous on S. (Re- 
ceived May 7, 1934.) 


213. Mr. Marshall Hall: The exact modular periods of linear 
recurrences. 


Engstrom, Carmichael, and others have obtained general periods (mod ) 
for finite linear recurrences. This paper undertakes to answer two questions, 
hitherto untreated: (1) Are the general periods so found the best possible? and 
(2) What is the effect on periodicity (mod p) produced by choosing special sets 
of initial values? These problems are treated by using the linear operator 
E(Eu,=tUns1), and the theory of double moduli. Both questions are answered: 
(1) The general periods found are the best possible, as there exists a sequence 
which has the maximum period predicted; and (2) A special set of initial values 
affects the periodicity for only a finite number of primes, namely those dividing 
a certain determinant. (Received May 8, 1934.) 


214. Mr. Garrett Birkhoff: On the automorphisms of Abelian 
groups. 


A principal series II is set up in the group A of the automorphisms of an ar- 
bitrary Abelian group G. The factor-groups between successive terms of II are 
then exhibited collectively as simple functions of the invariants of G. The least 
normal subgroups of A, together with a few related results, are also given. (Re- 
ceived May 9, 1934.) 


= 
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215. Mr. Garrett Birkhoff: On the automorphisms of groups 
of prime-power order. 


The “commutator-power” subgroup-structure of an arbitrary group P of 
prime-power order is shown to have an exact parallel in the group of the auto- 
morphisms of P. (Received May 9, 1934.) 


216. Professor J. H. Roberts: Sets which are potentially regular 
relative to a collection of subsets. 


In the present paper the following theorem is proved: Suppose the separable 
metric space M is potentially regular relative to a collection Z of self-compact 
subsets of M. Then there exists a biunivalued and continuous transformation T 
of M into a separable metric space M* such that (1) if the point P of M is of po- 
tential order m relative to Z then for each e>0 there is in M* a domain U con- 
taining T(p) and of diameter <e, such that the boundary of U is a subset of the 
sum of the images of m elements of Z, and (2) if every element of Z is the sum 
of a finite number of connected sets then the property of a compact subset of 
to separate two points of M is invariant under T. We have as corollaries a the- 
orem by G. T. Whyburn and one by the author. The notion, potentially regular 
relative to Z, is due to Whyburn. (Received May 9, 1934.) 


217. Dr. R. H. Cameron (National Research Fellow) : Linear 
differential equations with almost periodic coefficients. 


This paper gives various sets of necessary and sufficient conditions that a 
system (which may or may not be homogeneous) of linear differential equations 
with almost periodic coefficients should have all of its solutions almost periodic. 
It also gives sufficient conditions that a given particular solution should be almost 
periodic; and it can be shown by an example that these conditions are sufficiently 
weak so that they do not imply that all the solutions be almost periodic. (Re- 
ceived May 12, 1934.) 


218. Mr. Garrett Birkhoff: Transfinite extensions of the Jor- 
dan-Holder theorem. 


The theorem of Jordan-Hélder can be extended to chief and characteristic 
series which are well-ordered in the direction of increasing subgroups. But there 
exists an enumerable Abelian group having chief series well-ordered in the direc- 
tion of decreasing subgroups which do not satisfy this theorem. (Received May 
7, 1934.) 


ERRATUM 


Volume 40, page 234, abstract No. 190 (by Dr. Gordon Pall): the formula in 
line 10, which was printed as 0;=0;,:=0 (mod 16), should read 0;=0;,:=0 
(mod 4). 
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